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Infinite Series: Geometric Series Lesson 50

Some people are just smarter than others; I have met some of them. You may be using a text that some of them have written.
Did you hear about the 9 year old Karl Friedrich Gauss (1777-1855) who was asked by his teacher to add the integers from 1 to
100? In no time at all he wrote the answer down and sat there looking bored. I imagine that he was bored in class most of the time.

His answer was correct, of course. What he had done was to realize that if he added all of the numbers to each other twice he
would get twice their sum. Then he could divide that number by 2 to arrive at the answer. The secret lay in knowing how to
pair the numbers.

S =1+2+3+..+98+99 + 100, while S, =100 + 99 + 98 + ... +3 + 2 + 1.

Thus §; + S, = (1+100) + (2 + 99) + (3 + 98) ... + (98 + 3) + (99+ 2) + (100 + 1) = 100 pairs of 101, or 100 (101) and since
2 times the sum is equal to 100 (101), S = 50(101) = 5,050. Elementary, my dear Watson.

n(al + an)

Today, we use his formula for the sum of any arithmetic sequence S, = . Like I said, some people are just smarter

than others.
Enjoy this, our last chapter, as we dare to explore infinity. The ancient Greeks would not. Rene Descartes thought that it was foolish
for finite man to ask questions dealing with infinity. So we will turn to those who were unafraid, especially the father of calculus

himself, Sir Isaac Newton.

Hopefully, this chapter will bring your study of calculus to a conclusion that helps you to relate the parts to the whole. As you will
see, this is where it all began.

Questions to Explore:
1. What makes an infinite series of numbers converge to a single value?
2. What are some infinite series that represent some important numbers?
3. What makes an infinite series of expressions converge to a single function?
4. What are some infinite series that represent some important functions?
5. How can we use series that we know to derive other functions?
< (1
6.  What connection is there to the improper integral (_PJ dx ?
x=1\x
7. How can we create a series to represent a function?
Calculator Setup
. MODE]: Graph-Sequence: Display Digits-Float 6: Page 2: Exact/Approx-Auto: [ENTER
o [¢J[F2] for [WINDOW]: n [1, 20]; plotStart = 1; plotStep = 1; X [-1, 20, 2]; Y [-3, 12, 2]
. HOME] [CLEAR]: for [F6] CleanUp: [2] New Problem: [ENTER

How can an infinite sum of numbers converge to a finite number?

CONCEPTS of GALCULUS

© 2006 William K. Bradford Publishing Company. No part of this publication may be reproduced in any form without prior written permission of the publisher. 331



Name: APTER

Infinite Series: Geometric Series Lesson 50

A. Screen Exploration: Sequences

1. Write the answer you get after each calculation, and the equivalent expression in terms of 3, 0.7 and n.

a BODEER n=1 _
b. [XJ[0J[J[7[ENTER] n =2 -
c. [ENTER n=3 _
d. n=4 =
€. n=>5 —
f. [ENTER n==6 _

In textbooks, sequences are often defined recursively with one or more initial terms being specified. Then the nth term
a, is defined in relation to one or more of the preceding terms. In this case, each succeeding term can be found by
multiplying the previous term by seven-tenths.

In your calculator when in Sequence Mode, you may define sequences explicitly or recursively as « in terms of n.
The following sequence is shown recursively in terms of @, and in calculator syntax in terms of ul(n). The term "uil"
means the initial term of the sequence ul.

ai, ) -(0.7), n>1 ul(n—1)~0.7, n>1 e
2. a,={"0 (07) ul(n) = (07) Rl oot e,
3’ n=1 3’ n=1 ‘PPL'IEI:-Fi: Ay ol Frod bl

»  Enter the sequence as ul in the [Y=] Editor as shown.
. for [F6] Graph Style: 3] Square.

ulcnr=ulin—12%(F-103

a. [¢][F3] for [GRAPH]. Sketch the plot in the screen provided below. [Fiam RATAITE  SEd
Trace. Label the point (x, y) = (10, ul(10)).

HMAIN EAD AUTO ZEQ

b. Find an explicit formula for the terms of the sequence.
That means to find a formula that is based on the number 7 of each term instead of the previous term a,_, as it
was in ul(n).
e Let u2(n) equal the explicitly defined sequence, where u2(n) = a, = .
c [¢ for [GRAPH]: Trace to see that the graphs of ul(n) and u2(n) are the same.
c. On the Screen, evaluate to be certain that you have entered the equations correctly.
e ul(2) =u2(2):
e ul(10) = u2(10):

d. Display the first 4 terms of the sequence on the Screen. Follow the TECH-TIP below:

CONCEPTS of CALCULUS

332 © 2006 William K. Bradford Publishing Company. No part of this publication may be reproduced in any form without prior written permission of the publisher.



Name:

Infinite Series: Geometric Series Lesson 50
Screen: [MATH] Menu: [3] List: (1] Sequence page 365

seq( 3 (0.7)(1(_1), k, 1, 4) [ri.-I Fer Irg.-I rlq.-I FT I FE~- I ]
Too15|A13gbra|Calc|Other |Frami0|Clgan Ue

The sequence command can be found in two places on the Screen: LT LT BNl
1. Math Menu: (3] List: (1] seq( : a3t L 7onI
2. [CATALOG): [3] for the top of the ""S" list, then @ until the indicator is mle1En 171061

beside seq( : [ENTER]. -5eq[3-(.?)k_1,k,1,4]
1.029%

{3. 2.1 1.47

HAIN FAD AUTD _ SEG

2B/ 30

seq( expression, variable, low value of the variable, high value of the variable [, step]).

The step size is optional, with a default of 1. Increasing the step size to 2, for example,
increases the plotting speed because it only plots every other point.

B. The Accumulation of a Sequence is a Series

In this section, you will learn several ways to calculate and graph series on your calculator.

3. Consider the sequence:

a. LetS=a +a,ta;ta+.. +a +..=

A series is the sum of the terms of a sequence.

n

0 - a(n_])~(0.7), n>1
- 3, n=1

Substitute values for n into the first 4 terms in the infinite sum of the sequence above.
Do not evaluate the terms.
Then write the n'h term of the series.

b. §, is a partial sum where only n terms of the series are used.

i.

ii.

iii.

Enter the following definitions for S, in the [=] Editor of your calculator.
After you enter each equation, [GRAPH] and Trace on the plot.

Series can be written as the sum of a sequence.
e Let u3(n) = sum(seq (3(0.7)*" !, k, 1, n))

e Press for Math Menu: [3] List.

. Select (6] sum( for summation. Select seq( for sequence.

Use for [F6] Graph Style: [2] Dot

. . . S,-1ta,, n>1
Series can also be written recursively: S, = 1
a n=

Let u4(n) represent the series Sn which is the accumulation of the first n — 1 terms of the sequence,
beginning with 3 when n = 1, ending with the n' term a, = 3.0 * (0.7)"~D.

(n-1)
Let u4(n) = ud(n=1)+3- (0'7) » n>1 Use for [F6] Graph Style: [3] Square
3, n=1

Series can be written using sigma notation:

S, =a, ta,ta;+..a

n—1 n

n

Let uS(n) = 2[3 ) (0_7)]‘_1} Use for [F6] Graph Style: (3] Square
k=1
e In the Math Menu: Press Math Menu: for B:Calculus: Z(sum.
Z(expression, variable, low, high) = 2(3 *(0.7)k D k, 1, n)
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C.

4. Do you think that there is a finite limit to this infinite summation? Why or why not?

Sketch the graphs of a, and S, in the screen below.
+  [J(F3] for [GRAPH]: [F3] Trace to n = 10 on the graph of S . Mark that point on the graph.
o [¢] to record the x- and y-coordinates on the [HOME] Screen.

HMAIN EAD AUTO ZEQ

Write the partial sum of the series S|, using Sigma notation then in expanded form.

Sy =

Check your answer to #3d when n = 10 on the Screen.
. [F3]Calculus: Z(sum .

10

o Y (3 (07)r (k=1) K 110) = 2{3.(0.7)(“)}9.71752

k=1

C. Geometric Series

5. This series has the explicit form and is an example of a(n) series.

Each term has a common r=

6. Find a formula for the sum of the original geometric series S1. Follow the steps below.

a.

334

Multiply each term of the series S1 by the common ratio r to derive a new series S2.
Find the difference S1 — S2. Write an equation, and then solve for S1. Show your work.

The initial value of the series is a; = , the common ratio is r = , and the sum of the first n terms of

L )

(- )

the series is S1, =

n
As n approaches infinity, [%} - and d
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D. Conclusions

e . . -1 L .
7. An infinite geometric series zal -r"™" has an initial value and a common ratio
n=1
a. The sum of the first n terms of the finite geometric series is S, =

b. The sum of the infinite geometric series converges to S = when | r |

8. Let u6(n) = the value of convergence in #6d.
e Use for [F6] Graph Style: (1] Line for u6.
. Graph ul, u5, and u6.
e Your graph should look like the screen at the right.
e Trace carefully on the graphs to compare values.

9. Explain why the terms of the sequence ul decrease. Make connections between th

ul(n—l)-l n>1
wy(n) = 10° and the explicit formula g, = 3 - (0.7)"~ 1.

3, n=1

Py

n
10. Do the values of u5 = Za-r"_l eve
k=1

a

1=n

value of u6 = ? Use #8 to justify your answer.

al En
the following definitions in your journal.

Infinite Series

An infinite series is an expression of the form

=

a

a1+a2+a3+...+an+...,0r 2 k.
k=1

The numbers a,, a,, ... are the terms of the series;

a, is the n™ term.
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=
What does this theorem say about S = E 3~(0.7) [FirI Fix IrsrT r-uI FE T Fhv I ‘l
Tools|A13¢bra|Calc|0kher|FrArmlD|Clean Ue|

R N (k=) .
We have explored the series E 3-(0.7) in thist & %, It is cu example of a . lim % [3 (.mk 1] 16,
k=1 nw k=1
b3k T Ck=10 k1, nd na %3]
AN FKAD AUTO SEQ Z0/30

geometric series, which means that each teriu i€ a ni ~ ple of the previous term.

The terms of a geometric series a - #¢ hare | .ng. If the common ratio r

is —1 < r < 1, then the series is algo boui. M above. Therefore, the limit of the

partial sum S, as n appro« s inli % exis .nd the series converges to a

finite sum.
I"IC-=15...'. Ammmwm
®oil. gci9. 95252
FMAIN FAD AUTO FEQ

Partial Sum

n

A finite sum of the form s, = Zak
k=1

If the sequence of partial sums s,, s,, 55 . . . s, . .. has a limit S as n approaches infinity,

we say the series converges to the sum S, and we write:

n oo
ataytazy+..t+a, +..= li_r)n Zak =Zak =S
n—>eco
k=1 k=1

Otherwise, the series diverges.

Convergence of an Increasing, Bounded Sequence

If a sequence S, is increasing and bounded above, then lim (S,,) ex
n—co

oo

If lim S,, =S, then the series Zan converges to the sum S. Then by definits V a, S.

n—>co
n=1

=)

If lim S, does not exist, then the series Za, - es.

n—>oo
n=:

(k-1) _

k=1 t=1
m[1@. 10. 9.717524751]
[1A. 18. 2.71752]

Geometric Series

- -1
a+ar+ar® +ar +..+ar" '+ .. = Za'i’"

n=1

If |r] < 1, Za ] converges to the sum over the interval —1 <r< 1.

a
1—r

n=1

If|r| > 1, Z‘a-r”_1 diverges.

n=1
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3. What do we mean when we write Zalr n = ﬁ’ when |r] < 1?
n=1

-1 .
4. If we know that Ea-r” =a+a-r+a-rP+a-r+..+a-rY+q.r" ..., then how could we write
n=1

Gy AF @ 0 FAF @0 2 AR @ 0 P AF oo A @, 0 77 AF oo

=) =

. =il
5. Smceza"n =ata-r+a-rP+a-rP+.+a-r"mH+ .= la_r,thenzc'xn =
n=1 n=0
In #6-9, by using the variable x as the common ratio in the sequence of terms, you have created some

a polynomial. Answer the following questions yes if you agree, or no if you disagree, that the propaf

polynomials as for the infinite series below.
e If your answer is no, explain how they are different.
e Change [MODE]: Graph-Function
e [+ [F] for [¥=]: Tools: (8] Clear Functions:
a

¢ You will need to add more terms before you write your final answer.
4
e Lety2(x) = Zxk

e Letyl(x) = ﬁ = the sum of the infinite series with ¢ = 1 and r = x.
¢  Define y2(x) as a series using sigma notation so that you can easily add
k=0
«  Catalog: Press ®® > (sum
. Calculator syntax: Z(x" k, k, 0, 4) Any d

e For y2(x) use for [F6]: Graph S
e Graph in the [WinDow]: X [-1.975, 1. : 4, 1]; xres = 1.

able will do: k, n, ¢, etc.

Zc-x"=c+c-x+c-x2+ ..=1ix,|x|<1

e

n=0
6. Polynomials are a sum ultiplied by powers of x.
To Polynomial he set of all real numbers.

8. Polynomials hav

9. Polyn: ither even or odd functions.
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